Fibonacci Numbers: Fo=0, F1 =1, Fneo =Fnt1 + Fn
=1,F,=1,F3=2,F4=3,Fs=5,Fs=8,F7=13,Fs=21,F9y=34,F10=55, .

Lucas Numbers: Lo=2,Li =1, Ln+2=Ln+1 + Ln

Li=1,1,=3,1L3=4,L4=17, L5—11 Le=18,L7=29,Ls=47,1L9=76, Lio=123,.

(1) Sum of Fibonacci Numbers: Z Fi=Fna2—1

i=1
Fi=F;-F
Fo=F4—-F;
Fs=Fs—Fa4
Fn = Fn+2 — Fn+1

n
Adding up the columns we get Y. Fi=Fn+2 —F2=Fni2 — 1.
i=1
¢"—1" 1++/5 1-4/5

(2) Binet's Formula (1843): F, = \/g , where ¢ = 2 and t = D)

JHZ 5andr=1—¢=i17 >

The golden ratio ¢ = 5 are the roots of the equation x> —x—1=0

n_ n

Let P(n) be the statement Fn = \/g

1+4/5 1-1/5
henn=1,RHS = 2 2 2 1=F LHS
enn= =—E==1=F1= .
v v {%

1+24/5+5 1-24/5+5
_ P-4 4 A5
When n=2, RHS = \/75 = \/g —\/g—l—Fz—LHS.

So P(1) and P(2) are true.

A that P(k) and P(k + 1 true fi keZ"ie Fk= Fie1 =
ssume that P(k) and P( ) are true for some K € Z", i.e. Fk \/g , Fke \/g
k+2 _ k2
Prove that P(k + 2) is true too, i.e. Fk2 = % .
LHS =Fk
= Fk + Fk+1
:¢k_rk+¢k+1_,tk+1
CERE
P+ T+ 1)
\[5
k+2 _ ~k+2
=% = RHS

Since P(1) and P(2) are true, and P(K) and P(k + 1) are true = P(k + 2) is true, by Math
Induction, P(n) is true for alln € Z".



(3) Cassini's Formula (1680): Fn_y Fni1 — Fn2 = (-1)"
Let P(n) be the statement Fn-1 Fn+1 — Fn? = (=1)".
When n =1, LHS =Fo F2 - F1? = 0x1 - 12=-1 = (-1)! =RHS.
So P(1) is true.
Assume that P(K) is true for some k € Z", i.e. Fk-1 Fie1 — Fi = (1)K,
Prove that P(k + 1) is true too, i.e. Fk Fk+2 — Fkr1? = (=K1,
LHS = Fk Fxs2 — Fir1?
= Fk (Fk+1 + Fk) — Fi1 (Fk + Fiko1)
= Fk Fkr1 + Fi® — Fie1 Fk— Fie1 Fit
= Fx?> — Fi+1 Frar
= —(Fk+1 Fie1 — Fi)
= (1)
— (_l)kﬂ
=RHS
Since P(1) is true, and P(K) is true = P(k + 1) is true, by Math Induction, P(n) is true for all n
e Z".

n
(4) Sum of Squares of Fibonacci Numbers: ), Fi=Fp Fni1

i=1
Fi2=F1 (F2—Fo)=F1 F2—F1 Fo
F22=F2(F3-F1)=F2F;-F2 F
F32=F3 (F4s—F2)=F3 F4+—F3 F2
n2 =Fn (Fnﬂ - Fn—l) =Fn Fnt1 — Fn Fna
n
Adding up the columns we get Y Fi?=Fn Fn+1 — F1 Fo
i=1
=Fn Fnt1 .
Geometrical proof:
1{1]3 8
2
5

(5) Sum of Fibonacci Numbers with Even and Odd indices: F{ + F3 + Fs +...+ Fan_1= Fan
F2 + F4 + F6 +...+ F2n = F2n+1 -1

Fi=F
Fs=F4+-F2
Fs=Fo¢—F4



Fon-1 = Fon— Fona
Adding up the columns, we get F1 + F3 + Fs +...+ Fon-1=Fon .

F.=F3-Fi
Fs=Fs—F3
Fs=F7—Fs

Fon = Font1 — Fan
Adding up the columns, we get F2 + F4 + F6 +...+ Fan=Fant1 — 1 .

(6) Sum of Products of Consecutive Fibonacci Numbers FiF; + F2F3 +...+ Fan1 Fan= Fa12
FiF2 =F2?
F2F3 + F3F4 = F3(F2 + Fa) = (F4 — F2)(F4 + F2) = F4> — F2?
F4Fs + FsF6 = Fs(F4 + Fe) = (F6 — F4)(F6 + F4) = F6? — F42

Fan2F2n-1 + Fan-1F2n = Fan-1(F2n2 + Fan) = (Fan — Fan2)(Fan + Fan2) = Fan? — Fan 2?
Adding up the columns, we get F1F2 + F2F3 +...4+ Fan-1 Fan= Fan?.

, A 11)n_(Fn+1 F)
(7) Fibonacci Matrix: (1 0/ "\ Fn Fng

Let P(n) be the statement ( i (l))n = ( F12:1 FI:: )

whenn =1, ths=( 15 )<( ) p, )-res

So P(1) is true.

Assume that P(K) is true for some k € Z7, i.e. G é)k = ( FIE? Fli: ) .
Prove that P(k + 1) is true too, i.e. ( } é)kﬂ = ( E::T Flgll )

11K (11
LHS ‘(1 0) (1 0)
_(Fkﬂ Fi )(l l)
U Fx  Fra 10
(Fk+1+Fk Fk+l)
Fk+ Fk1 Fx
_(Fk+2 Fk+l)
N Fx+1 Fk
=RHS

Since P(1) is true, and P(K) is true = P(k + 1) is true, by Math Induction, P(n) is true for all n
e Z".

(8) Fn1 + Fnt1 = Lin

Let P(n) be the statement Fn-1 + Fn+1 =Ln .
Whenn=1, LHS=Fo+F.=1=Li=RHS.
Whenn=2, LHS=Fi+Fs=1+2=3=L,=RHS.



So P(1) and P(2) are true.
Assume that P(k) and P(k+1) are true for some k € Z",
i.e. Fiel + Fit1 = Lk and Fk + Fis2 = L1 .
Prove that P(k + 2) is true too, i.e. Fk+1 + Fks3 = L2 .
LHS =Fw+1 + Frss
= Fie1 + Fxk + Fir1 + Fra
=Lk + Lkt
= Lk+2
=RHS
Since P(1) and P(2) are true, and P(K) and P(k+1) are true = P(Kk + 2) is true, by Math
Induction, P(n) is true for alln € Z*.

(9) Frnin =Fm-1 Fn + Fim Foa .
We fix m and prove by Mathematical Induction on n.
Let P(n) be the statement Fmin = Fm-1 Fn + Fm Fnt1 .
When n=1, LHS = Fm+1 = Fm-1 + Fm = Fm-1 F1 + Fm F2 = RHS.
So P(1) is true.
Assume that P(n) is true forn=1, 2, 3, . . ., k, and we will show that P(k + 1) is true.
By assumption, Fm+k = Fm-1 Fk + Fm Fi+1

and Fm+-1) = Fm-1 Fk-1 + Fm Fk ..
Adding the two we get Fm+k + Fm+k-1) = Fm-1 (Fk + Fk-1) + Fm (Fk+1 + Fk)

= Fm+k+1) = Fm-1 Fk+1 + Fm Frs2 .

Since P(1) is true, and P(1), P(2),... P(k) are true = P(k + 1) is true, by Math Induction, P(n)
is true for alln € Z*.

(10) F2n = Fn Ln .

Fan = Fnn
=Fn-1Fn+FnFnt by (9) above
=Fn(Fn-1 +Fn+1)

=FnLn.
1++/5 1-+/§
(11) Binet's Formula for Lucas Numbers: L, = ¢" + 1", where ¢ = JZE and T = ;zi .
Ln =Fn-1 + Fnt1

¢n—l _ Tn—l ¢n+l o ,Cn+l
RERRE
0"(1/¢ + ¢) —"(l/x + 1)
\5
M5 —t"(=/5)
INE

:¢n+rn

(12) For any positive integers n and m, Fn | Fmn.
We fix m and prove by Mathematical Induction on n.
Let P(n) be the statement Fn | Fron .

For n=1, clearly Fm | Fm and so P(1) is true.

Assume that P(n) is true forn=1,2, ..., k.

We will show that P(k + 1) is true, i.e. Fm | Fm+1)



By (9) above, Fmk+1) = Fmk-1 Fm + Fmk Fm+1 . By assumption Fm | Fmk , and so Fm divides the
entire right side of the equation. Hence Fm divides Fmk+1) .

Since P(1) is true, and P(1), P(2),... P(k) are true = P(k + 1) is true, by Math Induction, P(n)
is true for alln € Z".

|_n+1J

n—i
(13) The diagonals of Pascal's triangle sum to the Fibonacci numbers: Z (i—l) =Fq
i=1

36 A4 126126 A4 36 % 1
10 43 120 210 232 210 120 43 10 1

n+1
=

"
Let P(n) be the statement Z (i—ll) =Fn.
i=1

Forn= l,LHSZ(g)Z 1 =F;=RHS.
= P(1) is true.
Assume that P(n) is true forn=1, 2, ..., k for some k € Z*, i.e.

(0)=F:
(o)=F:
(0) " (
@ * (1

(k62) + (kﬁ) +...to L%J terms = Fia

— — +
(kol) + (k12) +...to Lkz_l J terms = Fk
k+2
| ==

N O

\S)
uu

2 (k-
To show that P(k + 1) is true, i.e. Y. ( i1 ) = Fks1.
i=1



142
LS = % (kiﬂl—i)

=1

() ()l S

1 2
( )+ (koz (kl ) ( 1 ) (k?) +...to Lk;_zjterms
( ) - (klzj * (k23) (k 2) + (kﬁ) +..to |_k+72 Jterms
= Fx+ Fi1

= Fi+1
Since P(1) is true, and P(1), P(2), ..., P(K) are true = P(k + 1) is true, by Math Induction, P(n)
is true for alln € Z*.

Other Identities:
Fn + Fn+3 = 2Fn+2
Fn + 2Fn+1 = Fns3
Fn2 + Fnv2 = 3Fn
Fn—2 + Fn + Fn+2 = 4Fn
Fn+2Fn-1=Ln
Fn+ Ln=2Fn+1
Ln-1 + Ln+1 = 5Fn
2Ln + Ln+1 = 5Fn+1
2Ln+1 — Ln=5Fn
Fn2 + Fnv2 = 3Fn
Fnio —Fn2=Ln
Ln+2 — Ln2 =5Fn
Ln+ Ln+3 =2Ln+2
Fn2 + Fn+12 = Font1
FnH2 - n2 =Fn1 Fne2
Fnﬁ—k2 - Fn—k2 = Fon Fak
Lan — 2 = 5Fan?
Lant2 + 2 = SFan+12
Lan+2 — 2 = Lon+1?
Lan + 2= LG2
Ln+12 - Ln—l2 = 5Fn
Ln? + Ln+12 = Lan + Lans2
Ln-1 Ln+1 + Fno1 Fne1 = 6Fn?
Lo Loe2 + an = Ln+12
Catalan's Identity (1879) Fn? — Fnsk Fnk = (-1)"* Fi@
Ln1 Lot — n2 = 5(71)n+1
Lnk Lok — La®> = 5(71)n+k Fié

D'Ocagne's Identity Fm Fn+1 + Fn Fne1 = (=1)" Fmnn

Gelin—Cesaro Identity (1880) Fno2 Fnot Fntt Frez + 1 =Fn?

Candido's Identity (1951) (Fn2 + Fn+12 + Fn+22)2 2(Fn4 + Fne1* + Fria* )
Aurifeuille's Identity (1879) Ln (Lan + 5Fn + 3) (L2n — 5Fn + 3) = Lsn, for n odd



