Functions of Complex Numbers

1 Powers and Exponential Function _ o

If z=re" where r eR and - < 0 < =, then the principal value of 7*Y = (re")*V
- rx I,iy eixe e—ye
- rx e—ye eiy Inr eixe
— I’X e—ye ei(xe +ylinr)

| S = e [cos(x0+ylInr) +isin(x0+ylInr)].

In particular, et = g* eV

| s e =e*[cosy +isiny].

Since z is also given by z = re'®#" where k e Z, the other values of " are given by

Y = eV [ cos (x0 + 2knx +y Inr) + i sin (x0 + 2knx +y Inr) ].
Example 1 _ _
(i) Sincei=e™ andi=0+il, then i’ =e¢™[cos0+isin0]
—11/2
=e
~0.208 (which, surprisingly, is a real number!)
(i)  Sincel+i=+2e™ then (1+i)"  =+2e™ [cos(F+Inv2)+isin(F+In2)]
_ ~ 0.274 + 0.584i
(i) e =e'[cosl+isinl]
(lV) 2| - e| In2
=e’[cos(In2) +isin (In2)]
~ 0.769 + 0.639i
2. Logarithm Function
Let z=re", where r = |z | and 0 = arg (z). Then the principal value of In z is given by
Inz  =Inr+Ing®
=Inr+i6.

10+2k%) where k e Z, the other values of In z are given by

Inz=Inr+i(06 +2kn) forallk e Z.

Since z is also given by z =re

Example 2 '
0] Since-1=¢e",In(-1) =in
(i)  Sincei=e™ ni=i;

P J_ll - i
(i)  logy (-1) = Tn 13 zlnniO

3. Trigonometric Functions '

From €% =cosx+isinx and g™ =cosx—isinx,
ix + —ix ix _ —ix

we obtain cos x = 5 and sin x = o
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We define the hyperbolic cosine and sine functions as cosh x = 5 and sinh x = >
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Immediately we see that cos (ix) = 5 =cosh xand sin (|x):T:T><i:|smh X.

o cos (X +yi) =cosxcos (yi) —sin x sin (yi)
=cosx coshy—isinxsinhy

& sin (x +yi) =sinxcos (yi) + cos x sin (yi)
=sinxcoshy +icos xsinhy

Example 3
(M sini =sin(0+1)
=sin0cosh1+icos0sinh1



=isinh1l
e—¢t

=i =1.18i

(i) cosi  =cos (0+1)
=cos0cosh1-isin0sinh1
=cosh 1

e+e’

=75 =1.54

(iii)  sin(L+i)=sinlcosh1+icoslsinhl
=1.30 + 0.635i

4. Inverse Trigonometric Functions
eIW + e—IW

Letz=cosw = 2 .

22 =e"+e™

ZZe'W : ele +1

e -22e"+1=0

oW _21+N\Ar" -4

2
iw =1In (zi\/zz—l)
w =i In(zi\/zz—l)

For the principal value, we use the positive sign. Hence

costz=-iln(z++77-1)
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Similarly let z =sinw = o

2z =gV

2i_Z€IW :_EZIW— 1

e _2ize"-1=0
2i7++\-47°+ 4

iw

e =

2
iw =1In (iZi\/l—ZQ)
w =—iln (iZi\/l—Zz)

Using only the positive sign, we have

‘ sintz=—iln(iz+1-2)

Example 4

(i) cost2 =-iln(2++/3)

(i)  sin™2 =-iln(2i++/-3)
==iIn[i(2+13)]
=-i[Ine™+In(2++/3)]
=-i[iz+In@2+3)]
=% —iln(2+43)

(iii) cosi =-iln(i++[i’-1)

—iln (i +4/-2)
==iIn[i(1+12)]
=—i[Ine™+In(1+/2)]

=-i[ip+In(@L+2)]
=% —iln(1+42)



