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Homogeneous Linear Second Order Differential Equations with Constant Coefficients 
 
We first consider the homogeneous differential equation (RHS is zero):  

   a 
d2y
dx2 + b 

dy
dx + cy = 0, where a, b, c = constant   –––(*) 

Basic results: 
(1) If y = f(x) is a solution to (*), then so is y = Af(x), where A = arbitrary constant. 
(2) If y = f(x) and y = g(x) are solutions to (*),  
 then so is y = Af(x) + Bg(x), where A, B = arbitrary constants. 
(3) y = emx, where m = constant, is a solution to (*) iff m satisfies the equation am2 + bm + c = 0. 
 
Proof of (1): 
Let y = f(x) be a solution to (*)  af "(x) + bf '(x) + cf(x) = 0. 
Substitute y = Af(x) into (*):  LHS  = aAf "(x) + bAf '(x) + cAf(x)  
     = A(af "(x) + bf '(x) + cf(x)) = 0 = RHS. 
Hence y = Af(x) is also a solution to (*). 
 
Proof of (2): 
Let y = f(x) and y = g(x) be solutions to (*)  
 af "(x) + bf '(x) + cf(x) = 0 and ag"(x) + bg '(x) + cg(x) = 0. 
Substitute y = Af(x) + Bg(x) into (*):  
 LHS  = a(Af "(x) + Bg "(x)) + b(Af '(x) + Bg '(x)) + c(Af(x) + Bg(x))  
  = A(af "(x) + bf '(x) + cf(x)) + B(ag "(x) + bg '(x) + cg(x)) = 0 = RHS. 
Hence y = Af(x) + Bg(x) is also a solution to (*). 
 
Proof of (3): 
y = emx is a solution to (*), where m = constant 
 am2emx + bmemx + cemx = 0 
 emx (am2 + bm + c) = 0 
 am2 + bm + c = 0 
 
The equation am2 + bm + c = 0 is called the auxiliary equation (AE) of (*). 
Let m1 , m2 be the roots of the auxiliary equation. There are three cases that can arise. 
 
Case (1): m1 and m2 are real and distinct. 

Then y = em1x  and y = em2x  are solutions to (*) 

The general solution (GS) to (*) is y = Aem1x + Bem2x , where A, B = arbitrary constants. 
 
Case (2): m1 and m2 are equal. 

Then b2 – 4ac = 0  m = – 
b
2a is the solution to the auxiliary equation, and y = emx is a solution to (*). 

Let another solution to (*) be y = uemx, where u is a function of x. 
    y' = u'emx + muemx 
    y" = u"emx + 2mu'emx + m2uemx 
Substitute into (*): a(u"emx + 2mu'emx + m2uemx) + b(u'emx + muemx) + cuemx = 0 
   au" + (2am + b)u' + (am2 + bm + c)u = 0 

     u" = 0 since m = – 
b
2a  

     u' = C 
     u = Cx + D, where C, D = arbitrary constants 
Choosing C = 1, D = 0 give us the simplest solution y = xemx. 
The general solution to (*) is y = Aemx + Bxemx = (A + Bx) emx, where A, B = arbitrary constants. 
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Case (3): m1 and m2 are complex. 
General solution to (*) is y = Ae( + i)x + Be( – i)x 
   = Aex eix + Bex e–ix 
   = ex (A cos x + Ai sin x + B cos x – Bi sin x) 

   = ex (A' cos x + B' sin x), where A' = A + B, B' = Ai – Bi 

 
To summarise: 
If the roots of AE am2 + bm + c = 0 then general solution is 
m1 and m2 are real and distinct y = Aem1x + Bem2x  
m1 = m2 = m are equal y = (A + Bx)emx 
m1 and m2 are complex y = ex (A cos x + B sin x) 
 
 
Non-homogeneous Linear Second Order Differential Equations with Constant Coefficients 

Next we consider the non-homogeneous equation (RHS is nonzero): a 
d2y
dx2 + b 

dy
dx + cy = f(x). 

 
We first restrict ourselves to f(x) = p0 + p1x +...+ pnxn, f(x) = peqx, or f(x) = p sin qx or p cos qx. 

Consider  a 
d2y
dx2 + b 

dy
dx + cy = 0 –––(1) 

  a 
d2y
dx2 + b 

dy
dx + cy = f(x) –––(2) 

If y = u(x) is the general solution to (1) (with two arbitrary constants) and y = v(x) is a particular 
solution to (2) (with no arbitrary constants), then we can easily verify that y = u(x) + v(x) is the 
general solution to (2).  
u(x) is called the complementary function (CF) and v(x) is called the particular integral (PI). 
 
To find a particular solution to (2): 
If  then we try 
f(x) = p0 + p1x +...+ pnxn y = a0 + a1x +...+ anxn

f(x) = peqx y = a0 eqx

f(x) = p sin qx or p cos qx y = a1 sin qx + a2 cos qx
The constants a0 , a1 , a2 ,... , an can be determined by comparing coefficients.  
Note:  If y = eqx already occurs in the Complementary Function, then we try y = axeqx instead. 
 If y = xeqx also occurs in the Complementary Function, then we try y = ax2eqx instead. 
 
Example 1: Solve the DE y" – 3y' + 2y = x 

AE is m2 – 3m + 2 = 0 
 (m – 1)(m – 2) = 0 
 m = 1, 2 
CF is y = Aex + Be2x 

Let PI be y = px + q 
 y' = p 

 y" = 0 

Substitute into DE: –3p + px + q = x 
     p = 1, q = 3 
GS is y = Aex + Be2x + x + 3. 
 
Example 2: Solve the DE y" – 2y' + y = 2ex 

AE is m2 – 2m + 1 = 0 
 (m – 1)2 = 0 
 m = 1 
CF is y = (Ax + B)ex 
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Let PI be y = ax2ex (since ex and xex have already occurred in the AE) 
 y' = (ax2 + 2ax)ex 

 y" = (ax2 + 2ax)ex + (2ax + 2a)ex 

Substitute into DE: 
 (ax2 + 4ax + 2a)ex – 2(ax2 + 2ax)ex + ax2ex = 2ex 

      2a = 2 
      a = 1 
GS is y = (Ax + B + x2)ex . 
 
Example 3: Solve the DE y" + y = 2 cos x 

AE is m2 + 1 = 0 
 m = i 
CF is y = A cos x + B sin x 
Let PI be y = px cos x + qx sin x  (since cos x has already occurred in the AE) 
 y' = p cos x – px sin x + q sin x + qx cos x 

 y" = –p sin x – p sin x – px cos x + q cos x + q cos x – qx sin x 

Substitute into DE: 
 –2p sin x – px cos x + 2q cos x – qx sin x + px cos x + qx sin x = 2 cos x 
      –2p sin x + 2q cos x = 2 cos x 
      p = 0, q = 1 
GS is y = A cos x + B sin x + x sin x. 
 
Method of Variation of Parameters 

We next consider a 
d2y
dx2 + b 

dy
dx + cy = f(x), where f(x) can be other functions. 

Let CF be y = a1y1 + a2y2 . 
We seek PI of the form y = uy1 + vy2 , where u and v are functions of x. 
   y' = u'y1 + uy1' + v'y2 + vy2' 
   y" = u"y1 + 2u'y1'+ uy1" + v"y2 + 2v'y2' + vy2" 
Substitute into DE: 
a(u"y1 + 2u'y1' + uy1" + v"y2 + 2v'y2'+ vy2") + b(u'y1 + uy1' + v'y2 + vy2') + c(uy1 + vy2) = f(x) 
u(ay1" + by1' + cy1) + v(ay2" + by2' + cy2) + a(u"y1 + 2u'y1' + v"y2 + 2v'y2') + b(u'y1 + v'y2) = f(x) 

     a 
d
dx (u'y1 + v'y2) + a(u'y1' + v'y2') + b(u'y1 + v'y2) = f(x) 

We let  



     

u'y1 + v'y2 = 0
u'y1' + v'y2' = f(x)   





y1 y2

y1' y2'
 


u'

v'  = 



0

f(x)   

 


u'

v'  = 
1
W 



y2' –y2

–y1' y1
 



0

f(x)  , where W = 



y1 y2

y1' y2'
  

  = 
1
W 



–y2f(x)

y1f(x)   

 
Example 4:  Solve the DE y" + y = sec x 
AE is m2 + 1 = 0  m = i 
CF is  y = A cos x + B sin x 
Let PI be y = u cos x + v sin x where 

 


u'

v'   = 
1

cos2 x + sin2 x 



cos x –sin x

sin x cos x  



0

sec x   

  = 



–tan x

1   

 u = ln | cos x | 
 v = x 
GS is y = A cos x + B sin x + ln | cos x | cos x + x sin x. 
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Exponential Growth Model 
dP
dt  = kP, where k is the growth rate 

dP
dt  = kP 

  
1
P dP =   k dt 

ln P = kt + C 
When t = 0, C = ln P0 , where P0 is the initial population. 
ln P = kt + ln P0 

ln 
P
P0

 = kt 

P
P0

 = ekt 

P = P0 ekt 

 
 
Example: 
The population of USA grows at a rate of 2% per year. The population in Jan 2000 was 282 million. 
In which year will the population be double that number? Is this model realistic? 
 
dP
dt  = 0.02P, where P = population (in millions) t years after 2000. 

  
1
P dP =   0.02 dt 

ln P = 0.02t + C 
P = e0.02t+C 
At t = 0, P = 282: 282 = eC  C = ln 282 
P = 282 e0.02t 
For P to be 564: 564 = 282 e0.02t  
   2 = e0.02t 

   t = 
ln 2
0.02 = 34.657 = 34.7 years. 

The population will be doubled in 2034. 
In this model, the population   as time  . This is unrealistic because the population cannot 
increase indefinitely due to limited amount of resources. 
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Logistic Growth Model 
dP
dt  = kP(1 – 

P
N ), where k = growth rate, N = carrying capacity. 

Let 
dP
dt  = kP(1 – 

P
N ) = 0  P = 0, N 

For 0 < P < N, 
dP
dt  > 0  P increases to N as t  . 

For P > N,  
dP
dt  < 0  P decreases to N as t  . 

There is an equilibrium point at P = N. N is the carrying capacity of the environment. It is the 
maximum population that the environment can sustain indefinitely. 
 
dP
dt  = kP(1 – 

P
N ) = kP 

N – P
N   

  
N

P(N – P) dP =   k dt 

  
1
P + 

1
N – P dP = kt + C 

ln P – ln | N – P | = kt + C 

ln 



P

N – P  = kt + C 

P
N – P = ekt eC = Aekt, where A = eC 

When t = 0, A = 
P0

N – P0
 , where P0 is the initial population. 

P
N – P = 

P0

N – P0
 ekt 

P(N – P0) = P0(N – P)ekt 

P(N – P0 + P0 ekt) = NP0 ekt 

P  = 
NP0ekt

N – P0 + P0ekt  

 = 
NP0

(N – P0)e–kt + P0
  

For k > 0, P  N as t  . The logistic curve is a sigmoid (S–shaped) curve: 
 

 
 
If 0 < P0 < N, P increases to N as t  . 
If P0 > N, P decreases to N as t  . 

dP
dt   

PN/2 

N 0

N 

t 

P 

0.5N 

0.1N 

1.5N 

0.03N 

2N 
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Example: 

The population of USA grows at a rate given by 
dP
dt  = 0.02P(1 – 

P
N ), where P is the population (in 

millions) at time t years after 1900. The population in 1900 and 2000 were 76 million and 282 million 
respectively. Predict the population in 2050 and in the long run. 
 
 
dP
dt  = 0.02P(1 – 

P
N ) = 0.02P 

N – P
N   

  
N

P(N – P) dP =   0.02 dt 

  
1
P + 

1
N – P dP = 0.02t + C 

ln P – ln | N – P | = 0.02t + C 

ln 



P

N – P  = 0.02t + C 

P
N – P = e0.02t eC  

 = Ae0.02t, where A = eC 
P = ANe0.02t – APe0.02t 
P(1 + Ae0.02t) = ANe0.02t 

P = 
ANe0.02t

1 + Ae0.02t = 
AN

e–0.02t + A  

 

When t = 0, 
AN

1 + A = 76  AN = 76 + 76A –––(1) 

When t = 100, 
AN

e–2 + A = 282  AN = 282e–2 + 282A –––(2) 

(2) – (1): 206A – 37.8355 = 0 
   A = 0.183667 
   N = 489.792 

 P = 
0.183667(489.792)
e–0.02t + 0.183667   

 

When t = 150, P = 
89.958627

e–0.02×150 + 0.183667 = 385.34 

The population in 2050 will be 385 million. 
 
As t  , P  489.792 
The population in the long run will be 490 million. 
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Logistic Growth Model with Harvesting 
dP
dt  = kP(1 – 

P
N ) – H, where H = harvesting rate. 

To find the equilibrium points, we let 
dP
dt  = kP(1 – 

P
N ) – H = 0 

     – 
k
N P2 + kP – H = 0 

      P = 
–k  k2 – 

4kH
N

–2k/N  = 
N
2  

N 2

4  – 
NH
k    

If 0  H < 
kN
4  , there are two equilibrium points: a stable equilibrium point at P = 

N
2 + 

N 2

4  – 
NH
k  , 

and an unstable equilibrium point at P = 
N
2 – 

N 2

4  – 
NH
k  . 

 

If H = 
kN
4  , there is one equilibrium point, namely P = 

N
2 . 

If H > 
kN
4  , there are no equilibrium points. A bifurcation occurs at H = 

kN
4  . 

 
Bifurcation Diagram 

 
If H = 0 (no harvesting), P  N as t  . N is the carrying capacity of the environment. 

If 0 < H < 
kN
4   (a small amount of harvesting) and P > 

N
2 – 

N 2

4  – 
NH
k  ,  

 then P  
N
2 + 

N 2

4  – 
NH
k   as t  . The population is sustainable. 

If 0 < H < 
kN
4   (a small amount of harvesting) and P < 

N
2 – 

N 2

4  – 
NH
k  , then P  0 as t  . 

If H > 
kN
4  (too much harvesting), then P  0 as t  . The population becomes extinct. 

H 

H = 
kN
4   H = 0 

P = 0 

P = N 

P = 
N
2  

P 

dP
dt   

P

N/2

N
2 + 

N2

4  – 
NH
k   N

2 – 
N2

4  – 
NH
k   
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To solve the differential equation 
dP
dt  = kP(1 – 

P
N ) – H 

 

Case 1: If H = 
kN
4  , there is one equilibrium point, namely P = 

N
2 . 

 
dP
dt   = kP(1 – 

P
N ) – 

kN
4   

 = 
4kPN – 4kP2 – kN 2

4N   

 = – 
k
N



P2 – PN + 

N 2

4    

 = – 
k
N



P – 

N
2 

2
  

  



P – 

N
2

–2
 dP =   – 

k
N dt 

– 
1

P – 
N
2

 = – 
k
N t + C 

When t = 0, C = 
1

N
2 – P0

 = 
2

N – 2P0
  

P – 
N
2 = 

1
kt
N + 

2
2P0 – N

  

P = 
N(2P0 – N)

kt(2P0 – N) + 2N + 
N
2  

 

 

If 0 < P0 < 
N
2 , then P  0 as t  . The population becomes extinct. 

If P0 > 
N
2 , then P  

N
2 as t  . The population stabilises to P = 

N
2 . 

 

N/2 

N 

2N 

N/3 
N/4 

P 

t
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Case 2: If 0 < H < 
kN
4  , there are two equilibrium points, P = 

N
2   

N 2

4  – 
NH
k  . 

 
dP
dt   = kP(1 – 

P
N ) – H 

 = – 
k
N (P2 – NP) – H 

 = – 
k
N 









P – 

N
2

2
 – 

N 2

4   – H 

 = 
kN
4  – H – 

k
N 



P – 

N
2

2
  

  
1

kN
4  – H – 

k
N



P – 

N
2

2 dP =   dt 

  
1

N 2

4  – 
NH
k  – 



P – 

N
2

2 dP =   
k
N dt 

  
1

a2 – 



P – 

N
2

2 dP = 
k
N t + C, where a = 

N 2

4  – 
NH
k   

1
2a ln 

a + P – 
N
2

a – P + 
N
2

  = 
k
N t + C 

When t = 0, C = 
1

2a ln 
a + P0 – 

N
2

a – P0 + 
N
2

  

1
2a ln 

a + P – 
N
2

a – P + 
N
2

  = 
k
N t + 

1
2a ln 

a + P0 – 
N
2

a – P0 + 
N
2

  

1
2a ln 







a + P – 

N
2

a – P + 
N
2

  
a – P0 + 

N
2

a + P0 – 
N
2

 = 
k
N t 

a + P – 
N
2

a – P + 
N
2

  
a – P0 + 

N
2

a + P0 – 
N
2

 = e
2

N 2

4  – 
NH
k  

k
N t

  

(a + P – 
N
2 )(a – P0 + 

N
2 ) = (a – P + 

N
2 )(a + P0 – 

N
2 )e

k2 – 
4kH
N  t

  

P[a – P0 + 
N
2 + (a + P0 – 

N
2 )e

k2 – 
4kH
N  t

 ] + (a – 
N
2 )(a – P0 + 

N
2 ) = (a + 

N
2 )(a + P0 – 

N
2 )e

k2 – 
4kH
N  t
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P = 




N

2 – a 



a – P0 + 

N
2  + 



a + 

N
2 



a + P0 – 

N
2 e

k2 – 
4kH
N  t

a – P0 + 
N
2 + 



a + P0 – 

N
2 e

k2 – 
4kH
N  t

  

 

 
 
 

If 0 < P0 < 
N
2 – 

N 2

4  – 
NH
k  , then P  0 as t  . The population becomes extinct. 

 

If 
N
2 – 

N 2

4  – 
NH
k  < P0 < 

N
2 + 

N 2

4  – 
NH
k  , then P increases to 

N
2 + 

N 2

4  – 
NH
k  as t  . 

If P0 > 
N
2 + 

N 2

4  – 
NH
k  , then P decreases to 

N
2 + 

N 2

4  – 
NH
k  as t  . The population stabilises to 

P = 
N
2 + 

N 2

4  – 
NH
k  . 

 
 
 
 

t 

P 

N
2 + 

N 2

4  – 
NH
k   

N
2 – 

N 2

4  – 
NH
k   
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Case 3: If H > 
kN
4  , there are no equilibrium points. 

 
dP
dt   = kP(1 – 

P
N ) – H 

 = – 
k
N (P2 – NP) – H 

 = – 
k
N 









P – 

N
2

2
 – 

N 2

4   – H 

 = 
kN
4  – H – 

k
N 



P – 

N
2

2
  

  
1

kN
4  – H – 

k
N



P – 

N
2

2 dP =   dt 

  
1

4NH  – kN 2

4k  + 



P – 

N
2

2 dP =   – 
k
N dt 

4k
4NH – kN 2 tan–1 

P – 
N
2

4NH – kN 2

4k

  = – 
k
N t + C 

4k
4NH – kN 2 tan–1 

2kP – kN
4kNH – k2N 2

  = – 
k
N t + C 

When t = 0, C = 
4k

4NH – kN 2 tan–1 
2kP0 – kN

4kNH – k2N 2
  

4k
4NH – kN 2 tan–1 

2kP – kN
4kNH – k2N 2

  = – 
k
N t + 

4k
4NH – kN 2 tan–1 

2kP0 – kN
4kNH – k2N 2

  

tan–1 
2kP – kN

4kNH – k2N 2
 = – 

4NH – kN 2

4k  
k
N t + tan–1 

2kP0 – kN
4kNH – k2N 2

  

2kP – kN
4kNH – k2N 2

  = tan [ – 
kH
N  – 

k2

4   t + tan–1 
2kP0 – kN

4kNH – k2N 2
 ] 

2kP = kN – 4kNH – k2N 2 tan [ 
kH
N  – 

k2

4   t – tan–1 
2kP0 – kN

4kNH – k2N 2
 ] 

P = 
N
2 – 

NH
k  – 

N 2

4  tan [
kH
N  – 

k2

4  t – tan–1 
2kP0 – kN

4kNH – k2N 2
 ] 

 
 

Since H > 
kH
4  (too much harvesting), P  0 as t  . The population becomes extinct. 

t 

P 


