Homogeneous Linear Second Order Differential Equations with Constant Coefficients

We first consider the homogeneous differential equation (RHS is zero):

2
a %(% +b % + ¢y =0, where a, b, ¢ = constant —()

Basic results:
) If y = f(X) is a solution to (*), then so is y = Af(X), where A = arbitrary constant.
2) Ify = f(X) and y = g(X) are solutions to (*),
then so is y = Af(X) + Bg(X), where A, B = arbitrary constants.
3) y =e™, where m = constant, is a solution to (*) iff m satisfies the equation am? + bm + ¢ = 0.

Proof of (1):
Let y = f(X) be a solution to (*) = af "(x) + bf '(x) + cf(x) = 0.
Substitute y = Af(X) into (*): LHS =aAf"(x) + bAf'(x) + cAf(x)
= A(af "(x) + bf'(x) + cf(x)) = 0 = RHS.
Hence y = Af(X) is also a solution to (*).

Proof of (2):
Lety = f(x) and y = g(X) be solutions to (*)
= af "(x) + bf '(x) + cf(x) = 0 and ag"(x) + bg '(x) + cg(x) = 0.
Substitute y = Af(X) + Bg(X) into (*):
LHS =a(Af"(x) +Bg "(x)) + b(Af'(X) + Bg '(X)) + c(Af(x) + Bg(x))
= A(af "(x) + bf'(x) + cf(x)) + B(ag "(x) + bg '(x) + cg(x)) = 0 = RHS.
Hence y = Af(x) + Bg(x) is also a solution to (*).

Proof of (3):

y = e™ is a solution to (*), where m = constant
< am?e™ + bme™ + ce™ =0

< e™ (@am?*+bm+c)=0
sam*+bm+c=0

The equation am? + bm + ¢ = 0 is called the auxiliary equation (AE) of (*).
Let m; , m;, be the roots of the auxiliary equation. There are three cases that can arise.

Case (1): m; and m; are real and distinct.

Theny = e™* and y= ™ are solutions to *

m;X myX
1+Bez

The general solution (GS) to (*) isy = Ae , where A, B = arbitrary constants.

Case (2): m; and m; are equal.
Thenb*>—4ac=0=>m=— 2als the solution to the auxiliary equation, and y = €™ is a solution to (*¥).

Let another solution to (*) be y = ue™, where u is a function of X.
=y =u'e™ + mue™
= yn — unemx + 2mu|emx + mZUemX

Substitute into (*): a(u"e™ + 2mu'e™ + m?ue™) + b(u'e™ + mue™) + cue™ = 0
au" + (2am + b)u' + (am*+ bm +c)u=0

n __ b — L
u'=0 since M = —~~
u=C_C_
u=Cx+ D, where C, D = arbitrary constants

Choosing C = 1, D = 0 give us the simplest solution y = xe™.
The general solution to (*) is y = Ae™ + Bxe™ = (A + Bx) e™, where A, B = arbitrary constants.



Case (3): m; and m; are complex.

General solution to (¥) is y = Ae(® " PX 4 Bele ~ X

= Ae™* CiBX + Be®* e—in

=™ (A cos Bx + Ai sin Bx + B cos Bx — Bi sin x)

=e™ (A' cos Bx + B' sin Bx), where A'

To summarise:

=A+B,B'=Ai—-Bi

If the roots of AE am?*+bm+c=0

then general solution is

m; and m; are real and distinct

miX MyX
y=Ae " +Be °

m; = m, = m are equal

y = (A + Bx)e™

m; and m; are complex

y =e™ (A cos Bx + B sin X)

Non-homogeneous Linear Second Order Differential Equations with Constant Coefficients

Next we consider the non-homogeneous equation (RHS is nonzero): a ax

dy, b—x+ oy = f(x).

We first restrict ourselves to f(X) = po + piX +...+ pax", f(X) = pe™, or f(X) = p sin gx or p cos gXx.

Consider &% + b dy w tey= 0

a2

—(D)
—Y+b—Y+cy fx) —(2)

If y = u(x) is the general solution to (1) (with two arbitrary constants) and y = v(X) is a particular
solution to (2) (with no arbitrary constants), then we can easily verify that y = u(X) + v(x) is the

general solution to (2).

u(x) is called the complementary function (CF) and v(X) is called the particular integral (PI).

To find a particular solution to (2):

If then we try
f(X) = po + pix +...+ pnX" y=ap+axX+.+ax"
f(x) = pe¥ y=a e

f(X) = p sin gX or p cos gx

y = a; sin gX + @ cos gX

The constants ap, a1 , @z ,... ,

an can be determined by comparing coefficients.

Note: Ify = e already occurs in the Complementary Function, then we try y = axe®™ instead.
If y = xe™ also occurs in the Complementary Function, then we try y = ax’e™ instead.

Example 1: Solve the DE y"
AEism?’-3m+2=0
(m-1)(mM-2)=0
m=1,2
CF isy = Ae* + Be*
LetPIbey=px+q
y=p
y'=0
Substitute into DE:

=3y +2y =X

3p+px+qg=x
=>p=1,q9=3
-GS isy=Ae"+Be™ +x + 3.

Example 2:  Solve the DE y"
AEism*-2m+1=0
(Mm-1)>=0
m=1
CF isy = (Ax + B)¢e*

-2y +y=2¢"




Let PI be y = ax’e* (since €* and Xe* have already occurred in the AE)
y' = (ax* + 2ax)e
y" = (ax* + 2ax)e* + (2ax + 2a)e*

Substitute into DE:
(ax? + 4ax + 2a)e* — 2(ax* + 2ax)e* + ax’e* = 2¢*

2a=2
a=1
-GS isy=(Ax+B+x)e.
Example 3: Solve the DE y" +y =2 cos X
AEism’+1=0
m= =i
CFisy=Acos X+ B sin x
Let PI be y = pXx cos X + X sin X (since cos X has already occurred in the AE)

y'=p cos X — pX sin X + ( sin X + X cos X
y" =—p sin X — p sin X — pX cos X + ¢ cos X +  cos X — X sin X
Substitute into DE:
—2p sin X — pX cos X + 2¢ cos X — (X sin X + PX cos X + X sin X =2 cos X
—2p sin X + 29 cos X =2 cos X
p=0,q=1
..GSisy=Acos X + B sin X + X sin X.

Method of Variation of Parameters
2

We next consider a %(% +b % + ¢y = f(X), where f(X) can be other functions.
Let CFbey=aiy: + ay: .
We seek PI of the form y = uy; + vy, , where U and v are functions of X.
y'=ulyrtuyr’ Vs + vy
y" j— u"y1 + 2u|yll+ Uy1" + V"y2 + 2V1y2V + Vy2”
Substitute into DE:
a(u"yr +2u'y;" +uyr" + V'Y, + 2V'yo vyo") + b(u'y Uy + V'Ys +vya') + e(uyr + vy2) = f(X)
u(@y:" +byi' +cyr) +v(@@y:" + by,' + cya) +au'yr + 2u'yr' + V"y> + 2V'yo") + b(u'yr + V'y») = f(X)

d
a g, (UY1+VYys) +a(uyr’ +Vvy2) + bu'y: + vyz) = flx)

u'yr +v'y, =0
We let { u'yy' + VYo' = fix)

I HE N

yi' vy JLvi] LX)
ul_ 1y }[O} oy
[V‘J_W[—yl' Vi f(x)]” where W = vy

-5 yin]

Example 4: Solve the DE y" +y = sec X
AEism’+1=0=>m=4i

CFis y=AcosX+BsinXx

Let PI be y = U cos X + V sin X where

[U'J B 1 [ cos X —sin X J[ 0 J
V' Tcos? X +sin®x|L sinx cosX _||lsecX

_[ftanXJ
L1
u=In|cosX|

V=X
..GSisy=Acos X+ BsinX+1In|cos X| cos X+ X sin X.



dP
Exponential Growth Model - kP, where k is the growth rate

dp
L

1
S pdP= [ kat
InP=kt+C

When t =0, C=1n Py, where Py is the initial population.
InP=kt+1nPy

In Py kt
P_ o«
Py ©
P =P "

pt

Po

t >

Example:

The population of USA grows at a rate of 2% per year. The population in Jan 2000 was 282 million.
In which year will the population be double that number? Is this model realistic?

dP
at s 0.02P, where P = population (in millions) t years after 2000.

f%@:fam&

P
InP=0.02t+C A
P — e0.0ZHC
Att=0,P=282:282=¢"=C=1n282 se4
P = 282 eOOZt _____________ :
For P to be 564: 564 =282 %% |
2 — eQOZt 282 |
I
In 2 | ‘
t= 002" 34.657 =34.7 years. 0 7 t

The population will be doubled in 2034.

In this model, the population — oo as time — oo. This is unrealistic because the population cannot
increase indefinitely due to limited amount of resources.



dP P
Logistic Growth Model a kP - N ), where k = growth rate, N = carrying capacity.
dP

Letd =kP(1 - N)=O:>P=O,N

dP .
ForO<P<N,E>O:PmcreasestoNast—)oo.

dP
For P >N, E<O:>PdecreasestoNast—>oo.

There is an equilibrium point at P = N. N is the carrying capacity'of the environment. It is the
maximum population that the environment can sustain indefinitely.

dP*kP(l N) = kP—P

IP(N—P)dP:f k dt

FENP tC
InP—In|N-P|=kt+C

In =kt+C

P
N_p -~ e eC=Ac", where A = +¢°

P
Whent=0,A= W , where P is the initial population.

_P___Po kt
N-P N-P,°
P(N — Pg) = Po(N — P)e"
P(N —Po + Py ) = NPy e
P __ NPt
NP + Ppe"
NPy
" (N—Po)e ™+ Py
For k>0, P — N as t — . The logistic curve is a sigmoid (S—shaped) curve:

0.5N

0.IN
0.03N

If 0 <Py <N, P increases to N as t — oo.
If Po> N, P decreases to N as t — 0.



Example:
dP P
The population of USA grows at a rate given byE: 0.02P(1 _N)’ where P is the population (in

millions) at time t years after 1900. The population in 1900 and 2000 were 76 million and 282 million
respectively. Predict the population in 2050 and in the long run.

dP P N-P
qt = 0-02P(1 —7) = 0.02P =

fP(NL_P)dP:f 0.02 dt

11
S eryopdP=0.02t+C
InP—In|N-P|=0.02t+C

P
N p| =002t +C

In

_P oo c
N_p ¢ €

= A’ where A = +e°
p= ANe0.02t _ APeOOZt
P(l + AeOAOZt) — ANeO‘Ozt
ANe0.0Zt AN

P= 1+ AcO0E = g 002 1 A
_ o AN _
When t =0, 72 =76 = AN =76+ 76A —(1)
When t =100, 77 2 =282 = AN =282¢7 +282A  —(2)
(2) = (1): 206A — 37.8355=0
A=0.183667 Pa
N = 489.792
. p_ 0.183667(489.792) 489.79
T e M4 0.183667
2821
89.958627
When t=150,P = 00T () 183667 S02-34 76

The population in 2050 will be 385 million.

Ast— oo, P — 489.792
The population in the long run will be 490 million.



P P
Logistic Growth Model with Harvesting c(ll_t =kP(1 -N ) — H, where H = harvesting rate.
T . dP P
To find the equilibrium points, we let - kP(1 — N )-H=0

Kp e H=0

N
4kH
> KA
o NN N, [N N
B —2k/N 27 4k
N 2
IfO<H< %‘, there are two equilibrium points: a stable equilibrium point at P =%+ T_%
N N? NH
and an unstable equilibrium point at P = 5\ 74 k-
Py
dt

2

kN . S .
IfH= 4 there is one equilibrium point, namely P = 5

kN I . kN
IfH> 4 there are no equilibrium points. A bifurcation occurs at H = 4

Bifurcation Diagram

v
T

If H =0 (no harvesting), P — N as t — co. N is the carrying capacity of the environment.

kN N N? NH
If 0 < H < 4 (a small amount of harvesting) and P > 5 - 7K
N N 2 . .
then P — St\/ 2~k 8 t — co. The population is sustainable.
KN N N? NH
IfO<H< e (a small amount of harvesting) and P < 5\ 4 k- then P —> 0 ast — .

kN . .
IfH> vy (too much harvesting), then P — 0 as t — oo. The population becomes extinct.



P
To solve the differential equation . kP(1 —E )—H

dt
kN : _ , N
Casel: IfH = 4 there is one equilibrium point, namely P = 5
dP P. kN
. TKPA-R) -y
_ 4kPN — 4kP? — kN *
B 4N
_ K N_Z)
__N(P -PN+ 4
k(, N2
“N(P‘z)
N2 k
f(P—E) dP= [ -yt
1 k
—P N——Nt+C
2
1 2
When t=0,C =1 =N_2P,
2 Po
N 1
Pk _2
N 2Po—N

oo NQP-N) N
“kt2P,—N) +2N " 2

PA

2N

N2 o

N/3
N/4

N
IfO<Po< 5> then P — 0 as t — . The population becomes extinct.

N N N
If Py > 5> then P — 5 as t — o. The population stabilises to P = 5



kN N _ _[N? NH
Case 2: If 0 <H <77, there are two equilibrium points, P =75 £\ [T~ ~.

(slid

P
G CkPU-§)-H

1 k > NH
S ————5dP=yt+C.wherea=" [ -~

4kH
K——f©—t
N
(a+P—%)(a—Po+%):(a—P+%)(a+Po—%)e

, 4kH
N N KNt N N N
Pla = Po +5 + (a+ Py —75)e l+@-5)a-Pot+5)=(+5)a+P-

\/kz—‘”(THt

N
2)e



pP=
, 4kH
ko——gt
N N
a—Po+5+(a+Po—§)e
pt
N? NHL_ e
Tk
N NH -
Tk
t>
N N? NH . .
If 0<Po<5— T—7,thenP—>0ast—>oo. The population becomes extinct.
N N? NH N /N2 NH . N N? NH
IfE— T_T<PO<5+ T—T,thenP1ncreasest05wL T—Tast—>oo.
N N? NH N N? NH
If Py >5+ TfT,thenPdecreases toy + T—Tastﬁoo. The population stabilises to
o N, [NTNH
2 4k

10



kN
Case3: IfH > 4 there are no equilibrium points.

b _ P
i kP(1—5) —H
= (P*~NP)-H
k N2 N2
_NKP2> 4}
kN k N2
:4*H*N(P*2>
1
dP= [ dt
fk_N H kP N)2 f
4 AN 2

,\,4NH sztan 4NH sz —t+C

2kP — kN

4NH sztan \/m— —t+C
Whent=0,C ="\ [7nH ksztan1\/42k|?\ll::(_)|;|$Nz
4k . 2kP —kN L9 4k | 2kPo— kN
ANH KN 20 NA —len e N\ ANH kN B AN N
1 2kP kN 4NH k koo 2kPo KN
\AKNH kN2 N \JAKNH _ 12N 2
2kP — kN 1 2kPo kN
JHNA e el \/ m]
5 / 1 2kPo kN
2kP = kN —+/4kNH — k>N * tan [ \/m]
o N MfN—Ztan \/k_H k2 1 2kPo kN |
2 k 4 N \J4kKNH —K’N

P

. kH . . .
Since H > vy (too much harvesting), P — 0 as t — oo. The population becomes extinct.
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