Invertible Matrix Theorem
Let A be an nxn matrix and T : R® — R" be a matrix transformation T(x) = Ax.
The following statements are equivalent:
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A is invertible.

The equation Ax = b has a unique solution for every b in R".
The equation Ax = 0 has only the trivial solution.

The reduced row-echelon form of A is an identity matrix.
A can be expressed as a product of elementary matrices.
det(A) # 0.

AT is invertible.

The columns of A are linearly independent.

The columns of A span R".

The column space of A is equal to R™.

The columns of A form a basis for R".

The rows of A are linearly independent.

The rows of A span R".

The rows space of A is equal to R".

The rows of A form a basis for R".

rank(A) = n.

The null space of A is {0}.

The dimension of the null space of A is 0.

T is one-to-one.

T is onto.

0 is not an eigenvalue of A.

If A is invertible, A'Ax = A"'b = the equation Ax = b has a unique solution x = A™'b.

The equation Ax = b has a unique solution for every b in R", in particular, for b = 0.

Suppose Ax = 0 has only the trivial solution. The reduced row-echelon form of the augmented
matrix [A | 0] cannot have any zero rows. Hence rref(A) is L.

Since rref(A) is 1, there exists elementary matrices E; , E ,..., Ex such that Ex ... E; E; A =1
Hence A =E; ' E;'... Ex', which is a product of elementary matrices.

Suppose A =E; E; ... Ei is a product of elementary matrices.
Since det(Ei) # 0 for all i, det(A) = det(E| E: ... Ex) = det(E;) det(E)...det(E;) # 0.

: adj(A)A = det(A)I. If det(A) # 0, then 1 adj(A)A =1.

det(A)

1
Hence A™' = m adj(A), and so A is invertible.

A is invertible <> there exists B s.t. AB = I < there exists B s.t. BTAT =1 < AT is invertible
X1 0
The equation Ax =[a; a, ... a,.]L:J = (] , where a; is the ith column of A, has only the
0

trivial solution <> The columns of A are linearly independent.

2 & 9: The equation Ax = b has a unique solution for every b in R" << The columns of A span R".
9 < 10: The columns of A span R" < The column space of A is R".

9 < 11: Since dim(R") = n, the columns of A span R" < The columns of A form a basis for R"
The equivalence of (1) and (7) proves that (8) to (11) are equivalent to (12) to (15).

4 < 16: The reduced row—echelon form of A is an identity matrix < rank(A) = n.

3 & 17: The equation Ax = 0 has only the trivial solution < the null space of A is {0}.

16 < 18: rank(A) = n < the dimension of the null space of A=n—-n=0.

3 < 19: The equation T(x) = Ax = b has a unique solution for every b in R" < T is one-to-one.

3 < 20: The equation T(x) = Ax = b has a unique solution for every b in R" < T is onto.

6 < 21: Since det(0I — A) = det(—A) = (-1)" det(A), 0 is not an eigenvalue of A iff det(A) = 0.



