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Axioms for Vector Space 

 

A1 u + v  V Closed under addition 

A2 u + v = v + u Commutative under addition 

A3 u + (v + w) = (u + v) + w Associative under addition 

A4 There exists 0  V such that 0 + u = u + 0 
= u 

Existence of additive identity 

A5 There exists –u  V such that u + (–u) = (–
u) + u = 0 

Existence of additive inverse 

A6 ku  V Closed under scalar multiplication 

A7 k(u + v) = ku + kv Scalar multiplication is distributive over vector 
addition 

A8 (k + l)u = ku + lu Scalar multiplication is distributive over scalar 
addition   

A9 k(lu) = (kl)u Scalar multiplication is associative 

A10 There exists a scalar 1 such that 1u = u Existence of multiplicative identity 

 
Definition 

A subset W of a vector space V is a subspace of V if W is a vector space itself under the same operations. 
The subset {0} is a trivial subspace of any vector space. 
 

Theorem 1 

Let V be a vector space, and let W be a non–empty subset of V. 

Then W is a subspace of V iff for all u, v  W and scalar k, u + v  W and ku  W. 
 
Proof: 

Let W be a non–empty subset of V such that for all u, v  W and scalar k, u + v  W and ku  W. 
By construction, A1 and A6 are true. 

A2, A3, A7, A8, A9, A10 hold for all u  V and so automatically hold for all u  W. 

Take any u  V and take scalar 0. 

By A6, 0u  W, and 0u + u = 0u + 1u = (0 + 1)u = 1u = u. Hence A4 is true. 

Take any u  V and take scalar –1. 

By A6, –1u  W, and –1u + u = –1u + 1u = (–1 + 1)u = 0u = 0. Hence A5 is true. 
Hence W is a subspace of V. 
 
 
Another characterization of a subspace is the following Theorem. 

 
Theorem 

A subset W of a vector space V is a subspace of V iff 0  W, and for all u, v  W and scalar k, u + v 

 W and ku  W. 
 

Theorem 2 

Let (V, +, .) be a vector space and let v1 , v2 , ..., vk  V. The set S = { v1 , v2 , ..., vk } is linearly 

independent if and only if the vector equation c1v1 + c2v2 +...+ ckvk = 0, c1 , c2 , ..., ck  ℝ (*) 
has only one solution, namely, the trivial solution c1 = c2 =...= ck = 0. 
 
Proof: 
Let the set S = { v1 , v2 , ..., vk } be linearly independent and assume that the equation (*) has a 
non−trivial solution, i.e., there exists c1 , c2 , ..., ck not all zero such that c1v1 + c2v2 +...+ ckvk = 0. 

Let ci  0 for some 1  i  k. 

Then vi = – 
c1

ci
 v1 – 

c2

ci
 v2 –...– 

ci-1

ci
 vi–1 – 

ci+1

ci
 vi+1 –...– 

ck

ci
 vk , which contradicts the fact that S is linearly 
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independent. Hence (*) must have only the trivial solution. 
Let (*) has only the trivial solution and assume that the set S is linearly dependent. 

Let vi = c1v1 + c2v2 +...+ ci–1vi–1 + ci+1vi+1 +...+ ckvk for some 1  i  k. 
Then c1v1 + c2v2 +...+ ci–1vi–1 – vi + ci+1vi+1 +...+ ckvk = 0, which contradicts the fact that (*) has only the 
trivial solution. Hence S must be linearly independent. 
 
Theorem 3 (Uniqueness of Basis Representation) 

If S = {v1 , v2 , ..., vn} is a basis for a vector space V, then every vector v in V can be written as a linear 
combination of vectors in S, i.e. v = c1v1 + c2v2 + ...+ cnvn, in one and only one way. 

 
Proof: 
Since S is a basis of V, it must span V. Hence every vector in V can be express as a linear combination 
of the vectors in S. 
Suppose some vector v in V can be expressed in 2 different ways, 
i.e.  v = a1v1 + a2v2 + ...+ anvn –––(1) 
and also as v = b1v1 + b2v2 + ...+ bnvn –––(2) 
(1) – (2), we have 

 0 = (a1 – b1)v1 + (a2 – b2)v2 + ...+ (an – bn)vn  –––(3) 
Since RHS of (3) is a linear combination of vectors in S, and vectors in S are linearly independent, then 
 a1 – b1 = 0, a2 – b2 = 0, ..., an – bn = 0 , 

    a1 = b1 , a2 = b2 , ..., an = bn 
Hence (1) and (2) are the same. 

Thus there is exactly one way to express a vector in V as a linear combination of the vectors in S.  
 
Theorem 4 

Let V be a vector space, and let S = {v1 , v2 , ..., vn} be a basis of V. Let U = {u1 , u2 , ..., uk} be a set 
of k vectors in V. 
(a) If k > n, then U is linearly dependent. 
(b) If k < n, then U does not span V. 

 
Proof: 

(a) Since S = {v1 , v2 , ..., vn} is a basis of V, every element of U is a linear combination of the 
v's: 

u1 = a11v1 +...+ a1nvn 
u2 = a21v1 +...+ a2nvn 

............................ 
uk = ak1v1 +...+ aknvn 

Consider the following n–vectors: 

t1 = 








a11

:

a1n

 , t2 = 








a21

:

a2n

 ,..., tk = 








ak1

:

akn

 . 

To show that these vectors are linearly dependent, we need to find numbers x1 , ..., xk not all zero such 
that 

x1t1 +...+ xktk = 0. 
This leads to a homogeneous system of linear equations with n equations and k unknowns 

x1a11 + x2a21 +...+ xkak1 = 0 
 x1a12 + x2a22 +...+ xkak2 = 0 

... 
x1a1n + x2a2n +...+ xkakn = 0 

Since k > n, the number of equations is smaller than the number of unknowns, and so this system has a 

non–zero solution x1 , ..., xk. Recall that we have the following equalities: 
u1 = a11v1 +...+ a1nvn 
u2 = a21v1 +...+ a2nvn 

............................ 
uk = ak1v1 +...+ aknvn 
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Multiply the first equality by x1 , the second equality by x2 , ..., the last equality by xk and add them all. 
It is easy to see that on the left, we get the vector x1u1 +...+ xkuk . On the right we shall get 

x1(a11v1 +...+ a1nvn) + x2(a21v1 +...+ a2nvn) +...+ xk(ak1v1 +...+ aknvn) 
= (x1a11 + x2a21 +...+ xkak1)v1 + (x1a12 + x2a22 +...+ xkak2)v2 +...+ (x1a1n + x2a2n +...+ xkakn)vn 

which is equal to 0. Thus x1u1 +...+ xkuk = 0 and so the zero vector is equal to a linear combination of 
elements from U not all coefficients of which are 0. This means that U is linearly dependent. 
(b) Suppose that V has basis S with n elements and suppose that U is a subset of V with fewer than 
n elements. We need to show that U does not span V. By contradiction, assume that U spans V. By 
throwing away elements, we can find a subset U' of U which is linearly independent and also spans V. 
Since V = span(U') and U' is linearly independent, U' is a basis of V. Since the number of elements in 
S is bigger than the number of elements in this basis, we can conclude (using part (a) of this theorem) 
that S is not linearly independent. But this contradicts the assumption that S is a basis. Hence U does 

not span V.   
 
Theorem 5 

Suppose S = {v1 , v2 , ..., vn} and U = {u1 , u2 , ..., uk} are bases of a vector space V. Then n = k. In 
other words, all bases of a vector space have the same number of vectors. 
 
Proof: 

This follows directly from Theorem 4. 
 
Theorem 6 

Let V be a vector space such that dim(V) = n. 
(a) If S = {v1 , v2 , ..., vn} is a set of n linearly independent vectors, then S is a basis for V. 
(b) If S = {v1 , v2 , ..., vn} is a set of n vectors that spans V, then S is a basis for V. 
 

Proof: 

(a) Assume that S does not span V. Take a vector u that is in V but not in span(S). Then S + {u} 
is a set of n + 1 linearly independent vectors in V, which contradicts Theorem 4. Therefore, S spans V, 
which makes it a basis. 

(b) Assume S is linearly dependent. This implies there exists v  S which is a linear combination 
of the other vectors in S. Then S − {v} is a set of n – 1 vectors that spans V, which contradicts Theorem 
4. Therefore, S is linearly independent, which makes it a basis.   
 
Theorem 7 

Elementary row operations do not change the row space and null space (or kernel) of a matrix A. 
 

Proof: 

If E is an operation of the form ri  rj , then EA and A have the same rows (except for order), so it is 
clear that their row vectors have the same span. 

If E is an operation of the form ri → ari , then A and EA agree except in the i–th row. Since 

a1r1 +...+ airi +...+ amrm = a1r1 +...+ (ai 
1

a
 )(ari) +...+ amrm , 

any element of the row space of A is in the row space of EA, and vice versa. 

Finally, suppose E is a row operation of the form ri → ri + arj . Then 
a1r1 +...+ airi +...+ amrm = a1r1 +...+ ai(ri + arj) +...+ (aj – aia)rj +...+ amrm 

which shows that the row space of A is contained in the row space of EA. 
Conversely, 

a1r1 +...+ ai(ri + arj) +...+ ajrj +...+ amrm = a1r1 +...+ airi +...+ (aia + aj)rj +...+ amrm 

so the row space of EA is contained in the row space of A. 
To see that the null space of A is contained in the null space of EA, suppose first that x is in the null 
space of A. This means that Ax = 0. Multiplying both sides of this equation by E, we see that (EA)x = 
E0 = 0, meaning that x is also in the null space of EA. 
Now suppose that x is in the null space of EA, so that (EA)x = 0. Since E is invertible, so we can 
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multiply this equation by E−1: 
Ax = IAx = (E−1E)Ax = E−1(EA)x = E−10 = 0, 

showing that x is in the null space of A. In other words, a vector is in the null space of EA if and only 
if it is in the null space of A, and EA and A have the same null space.   

 

Theorem 8 

If a matrix A is in row echelon form (r.e.f.), then 
(a) the row vectors with the leading 1's (the non–zero row vectors) form a basis for the row space of 

A; and 
(b) the column vectors with the leading 1's of the row vectors form a basis for the column space of 

A. 
 

Proof: 

(a) If r1 , r2 , ..., rk denote the nonzero row vectors in A, then row space of A = span{ r1 , r2 , ..., 
rk }. We now establish that { r1 , r2 , ..., rk } is linearly independent. Consider 

a1r1 + a2r2 +···+ akrk = 0. 
Owing to the positioning of the leading ones in a row−echelon matrix, each of the row vectors r1 , r2 , ..., 
rk will have a leading one in a position where each succeeding row vector in the row−echelon form has 
a zero. Hence this equation is satisfied only if a1 = a2 =···= ak = 0. Therefore { r1 , r2 , ..., rk } not only 

spans the row space of A, but is also linearly independent. Hence, { r1 , r2 , ..., rk } is a basis for the row 
space of A. 
(b) Suppose the leading coefficients of A occur in columns j1 , ..., jp , where j1 <...< jp , and let ci 
denote the i–th column of A. Suppose that 

aj1
 cj1

 +...+ ajp
 cjp

 = 0, for ai  ℝ. 

Since A is in row echelon form, cjk
 is a vector with 1 in the k–th row and 0's in the subsequent rows. 

Hence, aj1
 = ... = ajp

 = 0, and {cj1
 , ..., cjp

 } is linearly independent. 

To show that {cj1
 , ..., cjp

 } spans the column space of A, let b be a column vector of A that does not 

contain a leading one. Let 
aj1

 cj1
 +...+ ajp

 cjp
 = b 

Since the p−th coordinate of cjp
 is 1, whereas the p−th coordinates of cj1

 , ..., cjp-1
 are 0, so ajp

 = p−th 

coordinate of b. Likewise we can solve for aj1
 , ..., ajp-1

 . Hence {cj1
 , ..., cjp

 } spans the column space 

of A. Therefore { cj1
 , ..., cjp

 }is a linearly independent set of vectors that spans the column space of A, 

and so is a basis for the column space of A.     

 
Theorem 9 

If A and B are row equivalent matrices, then 
(a) a given set of column vectors of A is linearly independent if and only if the corresponding column 

vectors of B are linearly independent. 
(b) a given set of column vectors of A forms a basis for the column space of A if and only if the 

corresponding column vectors of B form a basis for the column space of B. 

 
Proof: 

(a) Since A is row equivalent to B, we have that EA = B, where E is a product of elementary 
matrices E1 , E2 , ..., Ek . Let c1 , c2 , ..., ck be linearly independent columns of A. Then 
x1Ec1 + x2Ec2 +...+ xkEck = 0 

 E(x1c1 + x2c2 +...+ xkck) = 0 

 E−1E(x1c1 + x2c2 +...+ xkck) = E−10 

 x1c1 + x2c2 +...+ xkck = 0 

 x1 , x2 , ..., xk = 0, since c1 , c2 , ..., ck are linearly independent 

⟹ Ec1 , Ec2 , ..., Eck are linearly independent columns of B 
The proof for the other direction is similar. 
(b) Let { c1 , c2 , ..., cn } be the columns of A, and let { d1 , d2 , ..., dk } be a basis for the column 
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space of A. So { d1 , d2 , ..., dk } are linearly independent and spans the column space of A. 
From part(a), the corresponding column vectors of B are also linearly independent. 
Let b be an arbitrary element of the column space of B. 
Then, b = x1Ec1 + x2Ec2 +...+ xnEcn , for some scalars x1 , x2 , ..., xn 

 = E(x1c1 + x2c2 +...+ xncn) 
 = E(y1d1 + y2d2 +...+ ykdk), since { d1 , d2 , ..., dk } is a basis for the column space of A 
 = y1Ed1 + y2Ed2 +...+ ykEdk 

  span({ Ed1 , Ed2 , ..., Edk }) 
Let d be an arbitrary element of span({ Ed1 , Ed2 , ..., Edk }). 

Then, d = y1Ed1 + y2Ed2 +...+ ykEdk , for some scalars y1 , y2 , ..., yk 
 = E(y1d1 + y2d2 +...+ ykdk) 

 = E(x1c1 + x2c2 +...+ xncn), since y1d1 + y2d2 +...+ ykdk  column space of A 
 = x1Ec1 + x2Ec2 +...+ xnEcn 

  span({ Ec1 , Ec2 , ..., Ecn }) 
Hence, span({ Ed1 , Ed2 , ..., Edk }) = column space of B. 
Since { Ed1 , Ed2 , ..., Edk } are linearly independent and spans the column space of B, it forms a 
basis for the column space of B. The proof for other direction is similar.    
 

Note: Elementary row operations change column spaces. For example, A = 



0 0

1 0
 → B = 



1 0

0 0
  . 

Column space of A = span











0

1
  span












1

0
 = column space of B. 

 
Theorem 10 

The row space and column space of a matrix A have the same dimension. 
 

Proof: 
Let R be the row reduced echelon matrix which is row equivalent to A. Suppose the leading coefficients 
of R occur in columns j1 , ..., jp , where j1 <...< jp , and let ci denote the i–th column of A. By Theorems 
8 and 9, {cj1

 , ..., cjp
 } is linearly independent. There is one vector in this set for each leading coefficient, 

and the number of leading coefficients equals the row rank. Therefore, row rank(A) ≤ column rank (A) 
Now consider AT. This is A with the rows and columns swapped, so 

row rank(AT) = column rank (A) 

column rank(AT) = row rank (A) 
Applying the first part of the proof to AT, 

column rank(A) = row rank (AT) ≤ column rank(AT) = row rank (A) 
Therefore, column rank(A) = row rank (A)   
 
Theorem 11 (Dimension Theorem for Matrices) 
If A is an m×n matrix, then rank(A) + nullity(A) = n. 

 
Proof: 
Consider the matrix equation Ax = 0 and assume that A has been reduced to echelon form, A′. First, 
note that the elementary row operations which reduce A to A′ do not change the row space or, 
consequently, the rank of A. Second, it is clear that the number of components in x is n, the number of 
columns of A and of A′. Since A′ has only r nonzero rows (because its rank is r), n − r of the variables 
x1, x2, …, xn in x are free. But the number of free variables — that is, the number of parameters in the 

general solution of Ax = 0 — is the nullity of A. Thus, nullity A = n − r, and the statement of the 
theorem, rank(A) + nullity(A) = n, follows immediately.   
 
Theorem 12 

Let A  be an m×n matrix. The function T : ℝn → ℝm defined by T(x) = Ax for all x  ℝn is a linear 
transformation. Conversely, every linear transformation from ℝn to ℝm can be represented by an m×n 

matrix. 



6 

 

 
Proof: 

Let T : ℝn → ℝm be a matrix transformation: T(x) = Ax for an m×n matrix A. By properties of matrix 
multiplication, we have 

T(u + v) = A(u + v) = Au + Av = T(u) + T(v) 
T(ku) = A(ku) = k(Au) = kT(u) 

for all vectors u, v in ℝn and all scalars k. Hence T(x) = Ax is a linear transformation. 

Conversely, let T : ℝn → ℝm be a linear transformation. 

Let 









 









1

0

:

0

, 









0

1

:

0

, ..., 









0

0

:

1

 be the standard basis for ℝn. 

Define the matrix A by 









T









1

0

:

0

    T









0

1

:

0

   ...   T









0

0

:

1

 . 

Then T









x1

x2

:

xn

  = T









x1









1

0

:

0

 + x2









0

1

:

0

 +...+ xn









0

0

:

1

  

  = x1T









1

0

:

0

 + x2T









0

1

:

0

 +...+ xnT









0

0

:

1

  

  = 









T









1

0

:

0

    T









0

1

:

0

   ...   T









0

0

:

1

 









x1

x2

:

xn

  

  = A









x1

x2

:

xn

  

  
Theorem 13 (Dimension Theorem for Linear Spaces) 

Let T : V → W be a linear transformation from an n−dimensional linear space V to a linear space W, 
then dim(range(T)) + dim(ker(T)) = dim(V) = n. 
 
Proof: 
Let K = {v1, ..., vk} be a basis for ker(T). We extend this basis to a full basis for V: {v1, ..., vk, vk+1, ..., 
vn}. 
We need to show that R = {T(vk+1), ..., T(vn)} is a basis for range(T). 

If w is in the range of T, then there is a v  V with T(v) = w. We can write 
 v = a1v1 + ... + akvk + ak+1vk+1 + ... + anvn 
so that w = T(v) = T(a1v1 + ... + akvk + ak+1vk+1 + ... + anvn) 
  = a1T(v1) + ... + akT(vk) + ak+1T(vk+1) + ... + anT(vn) 
  = a10 + ... + ak0 + ak+1T(vk+1) + ... + anT(vn) 
  = ak+1T(vk+1) + ... + anT(vn). 

Hence R spans the range of T. Now we need to show that R is a linearly independent set of vectors. If 
ak+1T(vk+1) + ... + anT(vn) = 0, then 0 = T(ak+1vk+1 + ... + anvn), and hence v = ak+1vk+1 +...+ anvn is in 
ker(T). But then v can be written as a linear combination of vectors in K. That is 
 ak+1vk+1 + ... + anvn = a1v1 + ... + akvk 
which means that all of the constants are zero since these are linearly independent. 
Now dim(ker(T)) = k, dim(V) = n, dim(range(T)) = n − k. 
Hence dim(V) = dim(ker(T)) + dim(range(T)). 
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Theorem 14 

If A is an nn matrix, the following statements are equivalent: 

•  is an eigenvalue of A 

• The system of equations (I − A)x = 0 has non−trivial solutions  

• There is a non−zero vector x  ℝn, known as an eigenvector, such that Ax = x 

•  is a solution of det(I − A) = | I − A | = 0  
 

Proof: 

 is an eigenvalue of A 

 there is a non−zero vector x  ℝn such that Ax = x 

 there is a non−zero vector x  ℝn such that (I − A)x = 0 

Since the system of equations Mx = 0 has non-trivial solution  det(M) = 0,  

so the system of equations (I − A)x = 0 has non−trivial solutions  det(I − A) = 0. 
 

Theorem 15 

If A is an nn triangular matrix (upper triangular, lower triangular or a diagonal), then the eigenvalues 
of A are its diagonal elements. 
 
Proof: 

The determinant of a triangular matrix, det(A − I), is the product of its diagonal entries (11 − )(22 

− )...(nn − ). 

So the diagonal entries are the roots of the characteristic equation det(A − I) = 0. 
Hence the eigenvalues are exactly the diagonal entries. 
 
Theorem 16 

Let x be an eigenvector of a matrix A corresponding to eigenvalue . Let k  ℝ. 

(a) If B = A + kI, then x is also an eigenvector of B with eigenvalue  + k. 

(b) If B = kA, then x is also an eigenvector of B with eigenvalue k. 

(c) If B = A−1, then x is also an eigenvector of B with eigenvalue 
1


 . 

(d) If B = P−1AP for some non-singular matrix P, then P−1x is an eigenvector of B with 

eigenvalue . 

(e) If x is also an eigenvector for a matrix B corresponding to eigenvalue , then x is also an 

eigenvector for the matrix A + B with eigenvalue  + . 

(f) If x is also an eigenvector for a matrix B corresponding to eigenvalue , then x is also an 

eigenvector for the matrix AB with eigenvalue . 
 
Proof: 

(a) Ax = x 

 Ax + kx = x + kx 

 (A + kI)x = ( + k)x 

 So x is also an eigenvector of B = A + kI with eigenvalue  + k. 

(b) Ax = x 

 kAx = kx 

 (kA)x = (k)x 

 So x is also an eigenvector of B = kA with eigenvalue k. 

(c) Ax = x 

 A-1Ax = A-1x 

 
1


 x = A−1x 
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 So x is also an eigenvector of B = A−1 with eigenvalue 
1


 . 

(d) Ax = x 

 A(PP−1)x = x 

 P−1APP−1x = P−1x 

 (P−1AP)P−1x = P−1x 

 So P−1x is also an eigenvector of B = P−1AP with eigenvalue . 

(e) Ax = x and Bx = x 

 Ax + Bx = x + x 

 (A + B)x = ( + )x 

 So x is also an eigenvector of A + B with eigenvalue  + . 

(f) Ax = x and Bx = x 

 Ax = x 

 Ax = x 

 A(Bx) = x 

 (AB)x = ()x 

 So x is also an eigenvector of AB with eigenvalue . 
 
Theorem 17 

An nn matrix A is diagonalisable if and only if A has n linearly independent eigenvectors. 
 
Proof: 
First suppose that A = PDP−1 , where P has columns v1 , v2 , ..., vn , and D is diagonal with diagonal 
entries λ1 , λ2 , ... , λn .  
We know that the standard coordinate vector ei satisfies Dei = λiei and Pei = vi , so ei = P−1vi . 
So Avi = PDP−1vi = PDei = Pλiei = λiPei = λivi . 
So vi is an eigenvector of A with eigenvalue λi .  

Since P is invertible, its columns are linearly independent. Hence A has n linearly independent 
eigenvectors. 
 
Now suppose that A has n linearly independent eigenvectors v1 , v2 , ..., vn , with eigenvalues λ1 , 
λ2 , ... , λn . Define P = [ v1  v2 ... vn ].  
By the Invertible Matrix Theorem, P is invertible. Let D = P−1AP.   
We multiply by the standard coordinate vectors to find the columns of D: 
Dei = P−1APei = P−1Avi = P−1λivi = λiP

−1vi = λiei . 

So the columns of D are multiples of the standard coordinate vectors: D = 









λ1 0 ... 0

0 λ2 ... 0

: :  :

0 0 ...  λn

 .  

Hence A = PDP−1 is diagonalisable. 
 
Theorem 18 

If an nn matrix A has n distinct eigenvalues, then A is diagonalisable. 
 

Proof: 
Let λ1 , λ2 , ... , λn be the distinct eigenvalues of A. Each λi has a corresponding eigenvector vi

 . 
Construct P with eigenvectors in the columns: P = [ v1  v2 ... vn ]. 

and construct D with the eigenvalues in the diagonal entries: D = 









λ1 0 ... 0

0 λ2 ... 0

: :  :

0 0 ...  λn

 . 

Then AP = A[ v1  v2 ... vn ] = [ Av1  Av2 ... Avn ] 



9 

 

PD = [ v1  v2 ... vn ] 









λ1 0 ... 0

0 λ2 ... 0

: :  :

0 0 ...  λn

 = [ λ1v1  λ2v2 ... λnvn ] 

So AP = PD. Hence A = PDP−1. 
 
Theorem 19 

If a nn real valued matrix A has n distinct real eigenvalues 1 , ..., n , then A can be written  
in the form PDP−1 , where P = ( p1 |  ... | pn ), p1 , ..., pn are real eigenvectors corresponding to  

1 , ..., n ,  D = ( 1e1 |  ... | nen ), and e1 , ..., en are the vectors e1 = 









1

0

:

0

 , e2 = 









0

1

:

0

 , and so on. 

 
Proof: 
Let p1 , p2 , ..., pn be the eigenvectors corresponding to the eigenvalues λ1 , λ2 , ... , λn .  
Define P = [ p1  p2 ... pn ].  

By the Invertible Matrix Theorem, P is invertible. Let D = P−1AP, so A = PDP−1 .   
Multiplying by standard coordinate vectors gives the columns of P: we have Pei = pi , so ei = 
P−1pi . We multiply by the standard coordinate vectors to find the columns of D: 
Dei = P−1APei = P−1Api = P−1λipi = λiP

−1pi = λiei . 

So the columns of D are multiples of the standard coordinate vectors: D = 









λ1 0 ... 0

0 λ2 ... 0

: :  :

0 0 ...  λn

 .  

Hence A = PDP−1 .   
 
 
 


